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ABSTRACT 
We show how Vanstone's construction, given in his paper 
"A note on a construction for BIBD's", Utilitas Mathema~ 
tica, 7(1975), 321-322, can be applied to symmetric 
GBRD(v, k. A; , G I ). I G I odd, can be used to obtain 
GBRD(v, (2)' [~l. A, [~l ;G) and hence many families of 
BIBD. 
1. INTRODUCTION 
Definitions of SBIBD and BIRD are standard. 
LetA = [aij] be a matrix of order with ail E {OJ 1, -I}. A is called a weighing 
matrix of weightp and order n, if AA T =A T A = pIn. where In denotes the identity 
matrix of order n. Such a matrix is denoted by Wen. p). If squaring all its entries 
gives an incidence matrix of a SBIBD then W is called a balanced weighing 
matrix. 
An Hadamard matrix, A = [ajj], is a W(n,n), that is, it is a square matrix of 
order n with entries aij e {I, -I} which satisfies 
AAT ==ATA =nln. 
A generaUzed Hadamard matrix GH(gh,G) == (gij) == H over the group G of 
order g is a ghxgh matrix such that 
(i)gijeG for alll:5i, j:sgh, and 
gh 
(ii) 'Lgjkg -;f = 'L ha whenever j "#- j where the summation is in the 
k=l aeG 
group ring 
R (G). We also write this as 
HH· =hG. 
Suppose we have a matrix W with elements from an elementary abelian group 
G = [h l,hz, ... ,hg], where W::: h lA 1 + h2AZ + ... + hgAg; here A 1, ... ,Ag are 
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v x b (0,1) matrices, and the Hadamard product Aj*Aj (i ¢. j) is zero. Suppose 
(ail, ... ,aib) and (bjlt ... ,bjb) are the jth and jth rows of W; then we define 
WW*by 
with· designating the scalar product. Then W is a generalized Bhaskar Rao design 
or GBRD if 
• m 
WW =rl + ~(CiG)Bi 
i=l 
m 
(li) N=A 1 + ... +Ag satisfiesNN T =rl+ ~AiBi' 
i=l 
that is, N is the incidence matrix of a PBIBD (m), and (CiG) gives the number of 
times a complete copy of the group G occurs. 
Such a matrix will be denoted by GBRDG(v,b,r,k;A}, ... , Am;CI, ... , cm). In 
this paper we shall only be concerned with m = l,e =)Jg, andB} =J-/. In this 
case N is the incidence matrix of a PBIBD (I), that is a BIBD. Hence. the equa-
tions become: 
(i) WW+ = rl + ')..£JIg (J - /) 
(li) NN T = (r -')..)1 + '),J. 
Thus W is a GBRDG(v,b,r,k,')..). Since A(v-l) = r(k-l) and bk = vr, we some-
times use the notation CBRD (v,k,')..;G). 
2. THE CONSTRUCTION 
In his 1975 paper, Vanstone gave a powerful method for constructing BIBD 
from SBIBDs. We show his method applies to symmetric GBRD over groups 
which have no elements of order 2. 
THEOREM 1. Suppose there is a symmetric GBRD(v, k, A; G), I G I odd, then 
there is a GBRD(v, [;J, m ,A, [~]; G). 
Proof· We modify the construction Vanstone used to show that an SBIBD(v, 
k,A)yield,.BIBD(v, [;], [l],A, [1]) 
Let A = (Oij) be the incidence matrix of the GBRD(v, k, A; G). Label the 
columns of a v x [2:] matrix B = (bij ), with the n = [2:] pairs from the set {l, ... ,v}. 
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Consider the column labelled xy, (bIb' .. ,bvkl, choose 
bik = aixajy , i = 1, ... , v. 
Clearly, every element of B is zero or a group element. as that was true of A. 
To establish the inner product property. we consider the inner product of two 
distinct rows 
fI -I -1 -1 
Lbikbjk = L av;aryaJYav;, I'#J. 
k=1 ISx<y:ifl 
We first note that. for any group G of order g with elements g 1 ,g2 • ... ,gg 
G2 =(gl+g2+'" +gg)2 
~gG. 
With (G+ ... G) denoting t copies of G, 
(G-tG+ ... +G)2 = tG 2+2 [~lG2 = t 2gG. 
Since g is odd and n = v = tg, if g 1, ... ,g v are the elements of a row of the 
G 2 '- G BRD,g1> ... ,gv -t . 
Hence, noting 
= Yl(G+G+ ... +G)2 - Y,JG (t copies) 
= Y1:(t 2g-t)G. 
Now, we know from Vanstone's result that a BIBD(v,k,le) gives a BIBD(v, 
[2]' ~]. Ie, [~]). Thus, we wish to show a GBRD(v. k, A; G) gives a GBRD(v, [iI, rzl. 
Ie, [~I ; G). Certainly, the underlying BmD has these parameters. The GBRD(v, 
k, A; G) has t = A / .E copies of the group as the inner product of each pair of rows 
and the constructed GBRD needs to have [~ll g coples of the group as the inner 
product of each pair of rows. But 
as required. 
[ill g ~ ~A(A-l) I g ~ V.(rg-I) 
D 
Example 1. Let the group of order 3. Z3. have generator roo Represent ro by 1, oJl 
by 2 and ro3 by O. Then, the GH( 6,Z3) or GBRD( 6, 6, 6;Z3 ) is 
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0 0 0 0 0 0 
0 0 1 2 2 1 
0 1 0 1 2 2 
0 2 1 0 1 2 
0 2 2 1 0 1 
0 1 2 2 1 0 
yielding 
12 " 14 " 16 23 24 25 26 34 " 36 45 .. " 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 1 2 2 1 1 2 2 1 0 0 2 1 0 0 
1 0 1 2 2 1 2 0 0 1 2 2 0 0 1 
2 1 0 1 2 0 2 0 1 1 2 0 1 2 0 
2 2 1 0 1 1 0 2 0 0 2 0 1 2 1 
1 2 2 1 0 0 0 2 1 1 0 2 0 2 1 
a GBRD(6,15,15,6.15;Z3). 
Example 2. Proceed as in Example 1, but represent the zero element by *. Then 
!he GBRD(5,4,3;Z31 
• 0 0 0 0 
0 • 0 1 2 
0 0 • 2 1 
0 1 2 * 0 
0 2 1 0 • 
yields the GBRD(5,10,6,3,3;Z3 ) : 
12 13 14 15 23 24 25 34 35 45 
• • • • 0 0 0 0 0 0 
• 0 1 2 • • • 1 2 0 
0 • 2 1 • 2 1 • • 0 
1 2 • 0 0 • 1 • 2 • 
2 1 0 • 0 2 • 1 • • 
This method is so powerful when applied to generalized Hadamard matrices that 
we give it as a theorem in its own right. 
3, USING GENERALIZED HADAMARD MATRICES IN THE CON-
STRUCTION TO FORM BmDS 
THEOREM 2. Suppose there is a GH(tg;G), I G I = g odd. Then there is a 
GBRD( tg. rtf]. [~l, tg, [~l ; G). This can be used to form a 
GDD( g(tg + l),g(~l. (If]. tg + 1, Al =0. ~ = ~t(tg - 1), m::: g, n::: tg + 1). 
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COMMENT. The following construction is valid for any GH(21 G 1 ; G) but these 
are presently only known for prime power orders 1 G I. The BIBD's constructed 
would be multiples of biplanes SBIBD(2p2 + P + 1, 2p + 1, 2) but these are not 
generally known as yet. 
THEOREM 3. Let f be any prime power. Then 
BIBD(2p2+ p + 1, p(2p +p + l),p(2p + 1), 2p + 1,2p). 
there exists a 
Proof We note a GH(2p,EA(P) exists for every prime power (Jungnickle (1979), 
DJ.Street (1979». Use Theorem 2 to form a 
GBRD(2p, p(2p-l), p(2p-l), 2p, p(2p-l); EA(P». We replace each element 
of the GBRD by its P xp permutation matrix representation to obtain a (0,1) 
matrix B. Let e be the 1 x p (2p-l) matrix of ones. Then 
is aGDD(2p2 + p, p'(2p -1), p(2p -1), 2p + 1, Al =0, AF(2p -1)). 
Now a BIBD(2p+l, p (2p+l), 2p, 2, 1) exists. Let C be the matrix obtained 
from this BIBD by replacing each I and 0 in its incidence matrix by the p x 1 
matrices of ones and zeros respectively. Then the matrix 
[C:A] 
has 2p2 +p rows, 2p3 +p2 +p columns, 2p 2+ p ones perrow, 2p or2p + 1 ones 
per column and inner product 2p. So if we let/be a 1 xp (2p + 1) matrix of ones 
is a BffiD(2p' + p + 1, p(2p2 +p + 1), p(2p + 1), 2p + 1, 2p). o 
COROLLARY 4. Let p be any prime power and q any integer. Then there exists a 
PBffiD(2p2, P (p+q)(2p-l), (P+Q)(2p-l), 2p, Al = Q(2p -1), Ao = 2p-l+q). 
Proof As in the proof of Theorem 3, we use the GH(2p, EA(P» to first form a 
GBRD(2p, p(2p-l), p(2p-l), 2p, p(2p-l); EA(p)). 
This then yields a 
GDD(2p', p'(2p - 1), P(2p - 1), 2p, Al = 0,A2 = 2p-l), 
A. Form C as before from a 
BffiD(2p, qp(2p-l), q(2p-l), 2, q). 
Then [C:A] is a 
PBffiD(2p', p(p+q)(2p-l), (p+q)(2p-l), 2p, A, = q(2p-l), A, = 2p-l+q). 0 
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Example 3. A GH(6,EA(3» exists'so there is a GBRD(6,1O,IO,6,1O;EA(3». This 
can be used with a BIBD(7,21,6,2,1) to form a BIBD(22,66,21,7,6). 
Example 4. A GH(18,EA(9» exists, so there is a GBRD(18. 153, 153. 18, 153; 
EA(9», This is used with a BIBD(19. 171, 18.2, I) to form a BIBD(I72. 9' 172, 
171, 19. 18), 
All the following constructions can be obtained by a similar, slightly 
modified, technique. 
THEOREM 5. Suppose there exists a GR(tg,G), g = I G I odd. Further suppose 
that there exists a BIBD(tg + I, s (tg + I), ts, t, A). Then there exists a 
BIBD(tg2 + g + 1, w(tg2 + g + 1),as(tg + 1), tg + I,ast) where s =Ag I (t-I) is 
an integer and 2aA(tg-t+l) = pt(tg-l)(t-I) for some a and /3. In particular, if 
a= r~] and/3=tg -t+l,thereisa 
BIBD(tg2 + g + I, s(tg 2 + g + 1) t1],s(tg + 1) t1]' tg + l,st r~])· 
Proof' From theorem 1, there exists a GBRD(tg, [11], f~],tg, f1];G), We replace 
each element of G by its pxp pennulation matrix to form a (0,1) matrix E. Further, 
let e be the Ix r~l matrix. of ones. Then, 
B= [Ie;'] 
is a GDD(g(tg + 1), g [11J, r1j, tg + 1, Al = D. Az = Ylt(tg - 1),m = g, n = tg + 1). 
We now replace each 0 and 1 of the 
BIDD(lg + 1, Ag(lg + 1) I (I -1), Atg I (I -1), I, A) 
by the gxt matrix of zeros and ones respectively to fonn a 
GDD(g(lg+I),Ag(lg+Iy(t-I),Atg/(I-I),lg,Al = Atgl(I-I),A2 = A,m = g,n = Ig+I), 
A. 
We now fonn the following (0,1) matrix: 
[ 
ll"'lll ()() .. ,()() 1 
C = acopiesA I ~copiesB 
The first row of C has (J,')..g(tg + 1) I (t - 1) ones and has intersection 
r:i"AJg I (t -1) with the other rows ofC. 
Every other row of C has a'AJg I (t - 1) + J3Yltg(tg - 1) ones. So we require 
UAg(lg + 1) I (I - 1) = aNg I (I - I)+~"'g(lg - 1) 
or 
UA= jW.>t(tg -1)(t - 1) I (tg - t + 1) (I) 
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The intersection numbers for the rows"are required to be equal, so we need 
WJg I (t-I)=WJg I (t-I)+~ ·O=aA+ ~Y"(tg -I) 
or, as in (1) a. = ~"'(tg - I)(t - I) I (tg - t + I). 
Thus C is a 
BIBD(tg 2+g+1, a1..g(tg 2+g+1)/(t-l), a1..g(tg+l)1(t-l), tg+l, w.tgl(t-l». 
Where 1..g / (t - I) = s an integer, and a possible solution for a and 13 is 
a= ~~l, 13 =s(tg - t + 1). That is, C is a 
BIBD(tg2 + g + 1, s(tg~ + g + 1) [11j,s(tg + 1) r~l, tg + l,st [t1])· 0 
COROLLARY 6. Let g and g-1 be prime powers, g odd. I! there exists a 
BIBD(g2_ g + l ,g(g2_ g + 1),g(g-I),g-1,g-2) then there exists a 
BIBD(g3 _f2 +g + I, ag(g3 _g2 +g + 1),ag(g2 _ g + 1),g2 -g + l,ag(g-l», 
where 2a(g - 2g +2) = 13(g _1)(g2 - g - 1) has an integer solution. 
Proof: By a Theorem of Rajkundlia (1978) and Seberry (1981), a 
GH(g(g-l);EA(g» always exists in these cases. o 
Remark. The BmD obtained would be a multiple of an 
SBIBD(g3 - g2 + g + l,g2_g + 1,g -1) which theoretically, can never exist, as 
g3 _ g2 + g + 1 is even andk - 1..= g2_2g +2 is nota square. 
Example 5. Let g = 5. There exists a BIBD(21,105,20,4,3). Hence, there exists a 
BIBD(106, 38·5·106, 38·5·21, 21, 38'5·4), <x=38. This is a multiple of the 
SBIBD(106,21,4) which is non-existent. 
COROLLARY 7. Let g be an odd prime power. Let <x = 2(4g-I). Then there is a 
BIBD(4g 2+g + 1, 2g2( 4g 2+g +1 )(4g -I),2g 2(4g +1)( 4g -1), 4g +1 ,8g2( 4g -1». 
Proof: Dawson (1985) has shown a GH(4g,(EA(g» always exists. Also, the 
required BIBD(4g + 1, g(4g + I), 4g, 4, 3) always exists and so, with 
<x = 2( 4g - 1), 13 = 4g - 3 in Theorem 5, we get the result. 0 
Remark. This would be a multiple of the SBIBD(4g 2 + g + 1, 4g + I, 4) but this 
can only exist ( since 4g 2 + g + 1 is even) if k - A = 4g - 3 is a square. 
Example 6. Let g = 9. Then <x = 70 and a BIBD(334,70·9·334,70·9·37,37,36·70) 
exists. 
COROLLARY 8. Let g = 3h. Then there exists 
BIBD(4g 2 + g + I, a.A.g(4g2 + g + 1)13, a.A.g(4g + 1)/3, 4g + 1,4aAgI3) 
where 2<xA.(4g-3) = 12J3(4g-1)/or some a and 13. In particular, if aA. = 2(4g-1) 
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and P "" (4~-3)!3, there is a 
BIBD(4g +g+l, 2g(4g-IX4g'+g+IY3,2g(4g+I)(4g-IY3, 4g+I,8g(4g-ly3). 
Proo{We again use the GH(4g, EA(g» found by Dawson (1985). We note that a 
BIBD(4g+1, A.g(4g+1)13,4Ag /3, 4,A.) exislS for all A.. We use these in Theorem 5 
to get the result. 0 
Remark. The constructed designs are also multiples of an SBIBD( 4g2 + g + 1, 4g 
+ 1, 4) which never exists as 4g2 + g + 1 is even and k - A. = 4g - 3 is never a 
square for g = 3h ,h>l. 
COROLLARY 9. Let p be an odd prime power. Suppose there exists a 
BIBD(pi + 1, qpi(pi + 1), qpi, pH, q(pH -1)) where i ?:.j, and q are integers. 
Then there exists a 
BIBD(pi+i + pi + I, aqpi(pI+J + pJ + 1), aqpi(pi + 1), pi + 1, f1ilpi» 
where 2C1.Q(pi - pH + 1) = ppi-i(pi - 1), there is a 
BIBD(Pi+J +pi + 1, pi(pi _l)(pi+i +pi + I), pi(p2i -1), pi + 1, p2i-i(pi_l». 
Proo{Use the GH(pi, EA(pi), i > j given by Drake (1979) Of Butson (1963). D 
Remark. This would be a multiple of the SBIBD(Ji+i+pi+l,pi+1,Ji-i). Since 
pi+i+pi+l is odd, in order for this to exist, the diophantine equation 
must have a solution in the integers for x, y, z not all zero. 
Example 7. Let i = 2, j = I, q = 1 and p = 5. A BIBD(26. 130. 25, 5, 4) exists. 
Hence a BIBD(131, 6OC}131, 60(}26, 26, 600'5) exists. 
4. USING GENERALIZED WEIGHING MATRICES IN THE CON. 
STRUCTION 
As noted in Seberry (1979). and Geramita and Seberry (1979), infinite families of 
GW matrices are known. 
THEOREM 10. Let p' be a prime power and q Ip' -I, q odd. Then there exists a 
GBRD(p' +1,~'(P' +1),Ylp'(P' -l).p' -1,!-4(p' -1)(P' -2);Zq) 
and E, a GDD with parameters 
(q(p' + 1), 'hiJp' (p' + I),~' (p' -l),p' -1,A.1 =O,A.2=Y1(p' -1)(P' -2)1q,m=q,n=p' + 1). 
Hence if, q "" p' - 1, there exists a 
BIBD(p" -I, ~(p" -2)(P' +I),~" -2),p' -I,~(P' -2)). 
If q Ip' - 1, q"# pr - 1 and there exists a BIBD (p' + l,b, p, (p' - l)lq, A.), A, 
where 
272 
"J...qp' = p(p' - q -I). Using A toform a' 
GDD(q(P' + I), qb, p,p' -[,AI =r,A,=A) 
then 
[a copies of A: ~copies ofB] 
where 2qa(p - A) = ~(p r - I)(P' - 2) gives a BIBD(q (p' + I), B, R. p' - l,ap). 
Proof:We note first that a GW(p' +I,p',p' -1;Zq) exists for allp'. The proof, then, 
is identical to the first part of the proof of Theorem 3. 0 
Example 8. A GW(17, 16, 15; Zq), q = IS, 5 and 3 exists. This gives a 
BIDD(15'17, 127·17, 127, 15.7). Also, we have GDD(5'17, 40'17, 120, 15, 
Al = O. A.z "" 21, m = 5, n = 17) and a GDO(3'17, 24'17,120,15, Al = 0, A.:z = 35, 
m = 3. n = 17). Since BIDO(17. 8'17, 24, 3, 3) and BIDO(17, 4'17, 20, 5, 5) exist, 
we have a BIDO(85, 34·24, 6'24. 15, 24) with q = 5, r = 24, A = 3, a = J3 "" 1 and a 
BIBD(51, 1700, 500, IS, 140) with q = 3, r = 20, A"" 5, a = 7. and ~ = 3. 
Example 9. 
We note that there exists a 
GW«p",1 - [)/(p - [),p"; Zq) 
for all qlpn(p_l). So we can choose q odd and proceed as in the previous 
theorem. We do not give full results but note some examples: the GW(21, 16; Z3) 
gives a GBRD(21, 12,66; Z3) and a BIBO(63, 12, 22'60), the GW(31, 25; Zs) 
gives a GBRO(31, 20, 190; Z5) and a BffiD(l55, 20, 19'20), and the GW(85, 64; 
Z3) gives a GBRO(85, 48, 24'47; Z3) and a BmD(255, 24, 94'336). 
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